Testing Lorentz invariance by use of vacuum and matter filled cavity resonators 
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We consider tests of Lorentz invariance for the photon and fermion sector that use vacuum and 
matter-filled cavities. Assumptions on the wave-function of the electrons in crystals are eliminated 
from the underlying theory and accurate sensitivity coefficients (including some exceptionally large 
ones) are calculated for various materials. We derive the Lorentz-violating shift in the index of 
refraction n, which leads to additional sensitivity for matter-filled cavities ; and to birefringence 
in initially isotropic media. Using published experimental data, we obtain improved bounds on 
Lorentz violation for photons and electrons at levels of lO"'^^ and below. We discuss implications 
for future experiments and propose a new Michelson-Morley type experiment based on birefringence 
in matter. 
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I. INTRODUCTION 

Small violations of Lorentz invariance are allowed in a 
broad range of theories aiming for a unification of quan- 
tum mechanics and gravity and are one of the few pos- 
sible signatures of quantum gravity in laboratory exper- 
iments. A description of such Lorentz violation is given 
by the Standard Model Extension (SME) 1]: Based on a 
Lagrangian formulation of the Standard Model that in- 
corporates the known particles and interactions, it adds 
all terms that can be formed from the particle fields and 
Lorentz tensors. In these additional terms, violation of 
Lorentz (rotation and boost) invariance is encoded. Not 
only is it important to find upper limits on as many of 
these terms as possible, but the limits should also be tight 
as well as "clean" , i.e., the hypothetical signal for Lorentz 
violations should be understood quantitatively, e.g. in 
terms of Lorentz tensors the SME. Excluding systematic 
cancellations between the signals that are searched for 
and obtaining individual limits for each of them is possi- 
ble by a detailed understanding of the physics underlying 
the experimental tests of Lorentz invariance. 

Experimental tests that use optical or microwave cav- 
ities are based on a measurement of the resonance fre- 
quencies 



uj — 2tt- 



2nL 



(1) 



(m is a constant mode number, c is velocity of light 
parallel to the cavity axis, n the index of refraction of 
the medium, and L the cavity length) of a cavity, de- 
fined by the boundary conditions for standing waves. A 
Lorentz-violating shift in c and/or L and n connected 
to a rotation or boost of the apparatus would lead to 
a measurable shift in lo. The shift in L is mainly due 
to Lorentz violation in the electron's equation of motion 
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(a contribution from the photonic sector Q is usually 
negligible). The shift in c is caused by Lorentz violation 
in electrodynamics 0. While this contains an infiuence 
of the relative dielectric permittivity e,. — , the shift in 
n itself has not been considered hitherto. Cavity experi- 
ments provide separately the only existing limits on sev- 
eral photon and electron terms. They are now performed 
by several research groups worldwide 0, IE S H 0] ■ 

This work improves the theoretical description of the 
infiuence of the electron sector. This theory uses gen- 
eral Bloch wave functions to describe the electrons within 
the solid. The properties of the electrons enter through 
six quantities given by material-specific details of the 
Bloch functions. Unfortunately, detailed wave-functions 
are difficult to obtain, so these six quantities had to be 
estimated by a simple model. Here, we eliminate them, 
so that the theory now needs no assumptions that go be- 
yond the use of Bloch states. Thus, the theory is very 
generally applicable and accurate. 

Subsequently, we consider the shift in the index of re- 
fraction n. A motivation for such a study is that exper- 
iments with matter-filled cavities are currently among 
the most accurate cavity experiments. Also, it is nec- 
essary for a detailed understanding of proposed interfer- 
ometer experiments to measure the remaining unbound 
photon parameter (i.e., Ktr as defined in Ref. 0) [13 ■ 
We also find a Lorentz-violating birefringence in initially 
isotropic media. Using this theory and the accurate and 
detailed results from recent cavity tests with vacuum- 
0, 13 and matter-filled 9] cavities, we will be able to 
find limits on previously unbound electron coefficients 
and improved limits on others. We find that certain cav- 
ity materials show a large sensitivity of L and/or n on 
Lorentz violation and propose a new experiment based 
on the Lorentz-violating birefringence in materials, that 
may significantly improve the limits on parameters usu- 
ally measured in Michelson-Morley experiments. 

The effects we derive in this work depend on the sym- 
metric electron coeffcients c^^, and nine of the photon 
coefficients {kp)^\^^. The relevance of coordinate and 
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field definitions in the SME has been discussed in the 
hterature. Loosely speaking, suitable definitions move 
parameters of one sector into the other sectors, so only 
differential effects have a physical significance. For ex- 
ample, nine symmetric proton coefficients of c^^^ can be 
set to zero (and moved to the photon and electron sec- 
tor) by a particular choice of coordinate and field defi- 
nitions 1, 2, 4, 11). For this work (following Ref. 0]), 
we adopt these definitions. This allows us to disregard 
these proton terms and makes the electron and photon 
coefficients relevant here independently meaningful. The 
neutron terms c^^^ are also eliminated by that definition 
under the assumption that they are equal to the corre- 
sponding proton terms. 

For the effects considered here, the nuclei contribute 
only by their mass and charge. This restricts the num- 
ber of possible other coefficients from the proton and 
neutron sector, that cannot be eliminated by coordinate 
choices. For example, for non spin-polarized (i.e., not fer- 
romagnetic) solids, any influence of terms that enter the 
non-relativistic Hamiltonian [l^ proportional to a spin 
is removed (including the bj and some combinations of 
the d—,g—, and H— type coefficients for neutrons, pro- 
tons, and electrons). A possible shift in the mass of neu- 
trons and protons has been excluded to io~27...-32 Qgy 
[13. IT^ . so that we can ignore it for this work. We work to 
first order in the Lorentz-violating parameters through- 
out. 

This manuscript is organized as follows: Sec. ^1 de- 
scribes the calculation for vacuum cavities. Sec. IIIII con- 
siders the index of refraction. In Sec. IIVI limits on 
Lorentz violation are derived from experiments and fu- 
ture experiments are discussed. Appendix ^ discusses 
some cases of large dispersion ; Appendix constructs 
an explicit quantum-mechanical model of lattice vibra- 
tions with Lorentz violation. 



is given by the SME Lorentz tensor c^^ for the electron 
(the theory can be generalized for spin-polarized solids) 
,23. The idea is that the electrons inside crystals have a 
nonzero expectation value (pjPk), which is a function of 
the geometry of the lattice. Therefore, Lorentz violation 
will cause a geometry change ("strain") of the crystal, 
which, in turn, leads to a measurable shift in the reso- 
nance frequency lo oi a, cavity made of the crystal. 

Strain is conventionally expressed by the strain tensor 
eij 01 . For i = j, it represents the relative change of 
length in x^-direction, and for i j, it represents the 
change of the right angle between lines originally pointing 
in Xi and Xj direction. Because a violation of Lorentz 
invariance is certainly tiny, it is sufficient to consider the 
linear terms in the Lorentz-violating coefficients E'jf,. A 
general linear relationship between the Lorentz violating 
Ejf^ and strain is given by 



(4) 



with a 'sensitivity tensor' Bdcpj- It can be taken as sym- 
metric in the first and last index pair ; symmetry under 
exchange of these pairs will hold only for some simple 
crystal geometries, like cubic. Thus, the tensor has at 
most 36 independent elements. 

An explicit determination of the sensitivity tensor re- 
quires a theoretical model of electrons in solids. Accord- 
ing to the Bloch theorem, electronic states can be de- 
scribed by Bloch wave functions (P), pp. 133-141). In 
1^, these are used to determine the expectation value 
(PiPj) contained in Eq. 10) ; the corresponding strain is 
calculated using elasticity theory. As a result, the sensi- 
tivity tensor 



^dcjp l^dcmp^mj ~^ f^dcmj ^rnp : 



(5) 



where 



II. VACUUM CAVITIES 



TO|det(Zi 



(6) 



A. Ansatz 

We start by sketching the theory given in The 
starting point is the nonrelativistic Hamiltonian h = ho + 
Sh of a free electron, where ho is the usual free-particle 
Hamiltonian, and Sh a Lorentz-violating correction. The 
term of interest here corresponds to a modification of the 
kinetic energy of the electron [T^ : 



Sh=iS,k + 2E'^,f-l^ + 



2m 



(2) 



where m is the mass of the electron, pi the momentum 
components, and the dots denote terms that are left 
out here, as they have no consequences for (non spin- 
polarized) solids 2]. The 3x3 matrix 



(3) 



can be calculated. Ne.u is the number of valence elec- 
trons per unit cell, |det(^y )| is the volume of the unit cell 
expressed by the determinant of the matrix of the prim- 
itive direct lattice vectors, kmi is the matrix containing 
the primitive reciprocal lattice vectors, and ^dcmp is the 
elastic compliance tensor, the inverse of the elasticity ten- 
sor Xdcmp [lJ|- The symmetric 3x3 matrix S^^. is given by 
the Fourier coefficients of the Bloch wave functions. Its 
six parameters are unknown at this stage and had to be 
determined from a simple model that leads to ^j^, jSik, 
where 7 is a material dependent constant determined by 
the kinetic energy of the electrons. 



B. Eliminating the unknowns 

The basic idea that eliminates the six is to use an 
alternative method to calculate the strain for the simple 
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case of isotropic Lorentz violation Ejf, ~ Sjk and to re- 
quire that Eq. I^J yields the same result. If only the 
rotation invariant trace of the Lorentz- violation tensor is 
nonzero, 



(7) 



tr(ii') can be absorbed into the conventional Hamiltonian 
by scaling the mass of the electron, which leads to a corre- 
sponding scaling of the Bohr radius gq — Aireoh^ / (mge^) 

m 



rUe 



1 - -tr(ii;) 



ao 



ao[l + -tT{E) 



(8) 

Thus, an isotropic expansion of the crystal will result, 
that is proportional to the scaling of the Bohr radius: 
Cdc — 2/36dctr{E). Equating this and Eq. |@J, we obtain 

"^^dc — ^dcpj^pj (9) 

or, inserting Eq. 

^dc — l^dcvaj^mj • (-^0) 

Multiplying by Xdcab using XdcablJ-dcmj = SamSbj, 

Xddab — Kab ■ (11) 

Since Kab depends solely on material properties, this re- 
sult is valid for general Lorentz violations and can now 
be reinserted into Eq. ||SJ|: 



^dcjp ^dcmpX-aamj ^" f^dcmj X-aamp ■ 



(12) 



We now have expressed the sensitivity tensor by the elas- 
tic properties of the material, eliminating any assump- 
tions on the Fourier coefficients contained in the Bloch 
wave function. At the same time, the reciprocal lattice 
vectors have dropped out. This is plausible, since ulti- 
mately the elastic properties are determined by the crys- 
tal structure (i.e., the lattice vectors) and the states of 
the electrons. 

For later convenience, we express Eq. Q as the equa- 
tion 



between the six- vectors 



(13) 



(14) 



and E', defined analogously. Therefore, we arrange the 
Babcd into a 6 X 6 sensitivity matrix as defined in In 
what follows, we consider crystals of trigonal or higher 
symmetry (virtually all crystals presently used for cavi- 
ties in precision measurements fall into this class, such as 
quartz, sapphire, and all isotropic materials): For cubical 



crystals, B has the same structure as given in Q: 
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(15) 



where 



Bii — 2CiiSi, Bi2 = 2Ci2Si, Bm ^ -C44,{Si + 82)- 

(16) 

The Ss are the elements of the elasticity matrix S, the C 
those of the compliance matrix C = S^^. We used 



5*1 — S'li + S12 + S- 



13 : 



25* 



13 



33 • 



(17) 



[for cubical crystals, 5*13 = 5*12.] For trigonal crystals, 
such as quartz and sapphire, we find 
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(18) 



with Bee = {Bn — Bi2)/'i. This has a simpler structure 
than Eq. (82) in as, for example, we now have 



Bn = B22, B21 = B12, B31 ~ B32, B41 — —Bi2 

(19) 

instead of the corresponding relations from that in- 
volved factors of 3. The new calculation, due to its elim- 
ination of the wave-function coefficients, corresponds to 
inserting a specific wave function for each crystal into the 
equations obtained in Since these have the full sym- 
metry properties of the crystal, the result is simpler. In 
addition to Eqs. (|16|l . we find for trigonal crystals 

Bi3 = 2C13S2 , Si4 = 2Ci4(S'i + 5*2) , 

^31 = 2Ci35i, 633 = 2^33^2, 641=^14^1.(20) 



C. Sensitivity for various materials 

Numerical values for some materials are given in Tab. 
U and Tab. ^ calculated from S as given in 0|. For 
materials already considered in Ref . , we find relatively 
minor changes, except for the case of sapphire, for which 
the old calculation gave comparatively low values. 

It is interesting to find materials with particularly high 
or low sensitivities (the latter for experiments predomi- 
natly sensitive to Lorentz violation in electrodynamics). 
Eq. @ implies the six constraints 



Y,B,,=2, ^6.,=0 



(21) 
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TABLE I: Sensitivity coefficients for isotropic materials, to be 
inserted into Eq. 1151 . 



Mat. 




Bl2 


B44 


Mat. 


Bii 


B12 


B44 


Al 


7.21 


-2.61 


8.04 


AlaOg" 


3.47 


-0.74 


5.61 


Au 


24.13 


-11.06 


12.34 


BaFa 


5.30 


-1.65 


6.82 


C' 


3.53 


-0.26 


2.30 


CaFa 


3.46 


-0.73 


3.00 


Fe 


8.51 


-3.26 


4.36 


GaAs 


5.30 


-1.65 


3.81 


Ge 


4.41 


-1.20 


3.37 


Ir 


4.86 


-1.43 


4.16 


Mo 


4.06 


-1.03 


7.14 


Nb 


6.80 


-2.40 


17.9 


Pb 


25.03 


-11.51 


8.96 


Pt 


12.45 


-5.22 


11.09 


Si 


4.51 


-1.26 


3.69 


SiOa'^ 


2.64 


-0.32 


3.95 


W 


4.57 


-1.29 


5.79 


ZrC 


3.06 


-0.53 


4.20 


fused sapphire 



''diamond; elastic coefficients form 
'^fused quartz 



TABLE IL Sensitivity coefficients for trigonal materials, to 
be inserted into Eq. 11811 . 



Mat. 



Bii Bi 



Bi 



Bi 



B31 B33 B41 B44 



AI2O3 3.58 -1.05 -0.53 0.014 -0.57 3.14 0.004 5.08 

AIPO4 5.95 0.57 -4.52 0.069 -3.38 8.76 0.015 10.34 

CaCOa 5.82 -1.97 -1.86 8.60 -2.46 6.93 2.45 9.64 

FeaOg 2.76 -0.64 -0.12 0.90 -0.14 2.29 0.25 3.40 

SiOa 2.70 -0.38 -0.32 2.13 -0.26 2.52 0.48 2.35 



for j = 1,2,3, that hold for any crystal geometry. How- 
ever, the individual elements of B may vary for different 
materials. Materials presently in use include fused quartz 
0, niobium @, and sapphire Among these, nio- 

bium has the highest sensitivity coefficients. Calcium 
fluoride and other ionic materials have been considered 
for cavities in Ref. Il8| . 

Amongst the trigonal crystals in Tab. ^1 calcite and 
aluminum phosphate have the largest coefficients, about 
two times as large as for other trigonal materials. Calcite 
also has the larges B41, which may be important for a 
future measurement of cqj components of the Lorentz 
violation tensor, as described in the outlook. For cubic 
crystals (Tab. QJ, the sensitivity of a typical optical cavity 
is given hy B = B11—B12, see Tab. IIVI For the materials 
presently in use, 3 < S < 10. Sihcon, with B = 5.77, is 
available in ultra-pure specimens and has a zero crossing 
of the thermal expansion coefficient. It has therefore been 
considered for future tests ■ The same might hold for 
other semiconductors, such as Ge and GaAs. For gold, 
B — 35.19 is an order of magnitude higher than for most 
materials ; its high electric conductivity is beneficial for 
making microwave cavities. Lead, with similarly high 
coefficients, is a superconductor. A high sensitivity is 
found for materials whose elastic coefficients Sn and S12 
are close to each other. 



III. MATTER-FILLED CAVITIES 
A. The index of refraction in Lorentz tests 

For matter- filled cavity oscillators, the Lorentz violat- 
ing shift in the index of refraction n has to be considered 
in addition to the shifts in c and L. We do not consider 
birefringence (however, see Sec. 1111 E(l . but for birefrin- 
gent media our calculation will hold for any of the or- 
dinary or extraordinary rays. To some extent, we shall 
follow Ref. [3 who calculated the change in the index of 
refraction due to a hypothetical time-dependence of the 
fundamental constants a and rrie/mp. 

The index of refraction n(uj,TTa) is a function of the 
frequency uj of the radiation and of the Lorentz- violation 
parameters that, for now, we denote tTq, a = 1, 2, . . .. Ex- 
amples are the electron parameters c^i, and the photon 
parameters {KDE)ij- The index of the refraction may 
therefore change both due to changes in Suj of the fre- 
quency as well as due to the tTq: 



- dn -r-^ dn 

On = —buj + TTa 



(22) 



Inserting into Eq. and solving for the relative fre- 
quency change. 



Suj 



1 



n 



6c 
c 



SL 



E 



1 dn 
n d-Ka 



where we denoted the normalized dispersion 

LU dn 
n duj 



n 



(23) 



(24) 



In the local field model |20j , the index of refraction can be 
related to the susceptibility x(ijj) by the Clausius-Mosotti 
equation pH 



n^juJ, TTg) - 1 _ xi^-.T^a) 



(25) 



Differentiating with respect to lj or tt^ on both sides, we 
find 



1 



dn 



(n2 + 2)2 dx 



nd{uO,-Ka) 18n2 d{LO,TTa) 



(26) 



We shall assume an ionic crystal, where the dielectric 
susceptibility is due to both electronic transitions, with 
typical resonance frequencies U, in the ultraviolet spectral 
range, and optical phonon modes at infrared frequencies. 
Examples for such crystals are sapphire, calcium fluoride, 
calcium chloride, etc. In the transparency ranges, the 
susceptibility has the following approximate dispersion 
relation 1231: 



X = — 



(27) 
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where eo is the vacuum dielectric constant. Ni is the 
density, the effective reduced mass, fi the oscillator 
strength, and fi^ the resonance frequency of the ith op- 
tical mode. By calculating the derivative with respect to 
TTa, we obtain 



^0— 'n^ 



1 dN, 



f, / ^ ;^o. r)^^ ■ 



1 dM, 



ft dlTa 



(28) 



The oscillator strengths are dimensionless numbers of or- 
der unity for allowed transitions. According to exact sum 
rules (22| , they sum up to unity, so an influence of Lorentz 
violation common to all the fi is excluded. A possible 
shift of the individual /; is still possible, but will be sup- 
pressed relative to the influences of the other quantities 
entering x- We neglect it in what follows. 

A change in the masses Mi would be connected to 
Lorentz violation in the hadron sector. As discussed in 
the introduction, such a change has been ruled out to 
extremely high precision [Tl. n3L l23l | , so we may assume 
the masses are constant. 

The densities Ni are given by the inverse distances of 
the particles in the lattice, i.e., by the primitive transla- 
tions of the reciprocal lattice. Lorentz violation leads to 
a geometry change of the lattice and thus to a change of 
the densities that is common for all i, i.e.. 



1 ON, 1 ON 



TV, dlTa N dlTa 



(29) 



By substituting x by Eq. and using Eq. we 

obtain the relation 



1 X ^ dn 



(30) 



with 



d 



E 



1 dN 



2 ^ N dTTa 

a 

18n2 



E dx \ - d^ 
. m.^d^J" 

a 

1) 



3n2 



(31) 



Let us call 77 the density term and d the dispersion term. 
In what follows, we insert the electron coefficients c^i, 
for the TTa- The influence of the photon parameters is 
discussed separately. 



B. The density term rj 



N = Nq{1 — tr(ejfe)), where Nq is a constant that does 
not depend on Lorentz violation, and the tensor Cjk ex- 
presses the strain due to Lorentz violation, given by Eq. 
(|13|l as a function of the Lorentz-violating parameters 
Eji^ and the sensitivity coefficients of B. Exact relations 
between the coefficients of B derived above allow to fur- 
ther simplify the density term. For a crystal of trigonal 
or higher symmetry. 



tr(e) = (6n+Si2 + 63i)(i?L + i?;,) 
Using the abbreviation 



(26i3+S33)£;L- 

(32) 



^3 - ^'xx 



and Eq. H21|l . we obtain 

tr(e) = 2tr{E') + (631 - Bi3)E'^ . 
We can thus rewrite the density term as 

V = ^[2tiiE') + {Bs, - Bi3)E',] . 



(33) 



(34) 



(35) 



C. The dispersion term 

1. Optical frequencies 

Optical frequencies oj lie between the infrared (ir) res- 
onance frequencies (^ 27r x 3 x 10^'^ Hz, for example) 
of the optical phonon modes and the electronic reso- 
nances in the ultraviolet (uv) spectral range (at, say, 
27r X 3 X 10^^ Hz). To estimate the relative influence of 
these resonances, we consider one resonance fiir in the 
infrared and one at in the uv: 



X = — 



£0 \Ah,nf-u;^ 



We calculate 
d^^dih 

dill dlTa 



iVuv 



Muv r^uv 



(36) 



1 dni, 

Mir (r!f, - 0^2)2 {'n~'d^ 

f Q? / 1 (90 



(37) 



This shows that the influence of the infrared resonance 
is suppressed by a factor of about (fiir/r^uv)^ ^ iC. We 
will therefore neglect it and ascribe the whole susceptibil- 
ity x(^) ^t optical frequencies to the uv resonance. This 
is a good approximation, since the contribution of the ir 
mode to the susceptibility at optical frequencies is just 
a few % (it is actually negative, compare to Eq. |23). 
Using Eqs. (|25I26|I . we can rewrite the dispersion term 



The density term can be determined using the theory 
for the geometry change of solids developed in 2] and 
above. The density of the material can be written as 



1 dflnv 
2 4^ Kiluv dlTa 



(38) 
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or, additionally using ^ 



(39) 



This equation allows to calculate the Lorentz-violating 
shift in n from the Lorentz-violating shift in the atomic 
or molecular resonance frequency fJuv 

As far as the atomic resonances are well described by a 
tight-binding model [SESj some of the existing theoret- 
ical and experimental studies of Lorentz violating effects 
in atoms [3 113 can be applied: The dependence 
on the angular momentum quantum numbers of the elec- 
tronic state can be derived by application of the Wigner- 
Eckart theorem, i.e., the shift (5f2uv/^^uv is a function of 
the angular momentum quantum numbers of the valence 
electrons. 



2. Infrared and microwave frequencies 

At ir or lower frequencies, the influence of the ir res- 
onance in Eq. Ij^TI) outweighs the one of the atomic uv 
resonances, because the oscillator strengths of the ir res- 
onances (optical phonon modes) are higher . We may 
then ascribe the whole susceptibility to the ir resonance, 
and obtain for the dispersion term 



1 

2 ^ V ilir C^TTq 



(40) 



The case of multiple ir resonances is discussed below. 

For an illustration, consider a lattice consisting of dis- 
similar atoms with masses Mi and M2 within each unit 
cell separated by a distance a and connected with springs 
having a force constant k. The frequency fi(g') of a 
phonon with a wave number q splits into acoustic and 
optical modes. The vibration spectrum is given in text- 
books by p3 | 



2 k f Ml + M2 



± 



(Ml - M2)2 



M1M2 cos2 qa . (41) 



The -I- and — signs correspond to the optical and acous- 
tical modes, respectively. In the optical modes, the 
two atoms oscillate in paraphase. If they have different 
charges, this leads to an oscillating dipole moment that 
interacts with electromagnetic waves. Since the speed of 
sound in solids is much lower than c, we may consider 
the case qa ^ 1 for these phonons, obtaining 



(42) 



for the resonance frequency, where M = M1M2/ {Mi + 
M2) denotes the reduced mass. (In a three-dimensional 



lattice in the most general case, there will be two 
transversal modes and one longitudinal mode that corre- 
spond to different effective spring constants and masses.) 
The masses are mainly due to the nuclei and will thus not 
appreciably change due to Lorentz violation in the pho- 
ton and electron sector. An influence of Lorentz violation 
comes in through the spring constant. 

The frequencies of the long-wavelength longitudinal 
modes in ionic crystals are given by the ion-plasma fre- 
quency 



IP 



47rZ2e2 
MV 



(43) 



\V is the atomic volume, Z the valence of the ions]. 
Under the influence of Lorentz violation, the volume 
V — Vo(l -I- tr(ejfc)) can be expressed by the strain ten- 
sor considered above in this paper and a constant Vb 
that does not depend on Lorentz violation. The other 
quantities in fJip do not depend on Lorentz violation. 
Therefore, 



1 dVlw 



1 



(44) 



Using r^ip for fJir in the dispersion term for infrared or 
lower frequencies, Eq. H4U|) . we obtain 



/3 



rtr(ejfe) 



:[2tTiE') + iB3i-Bi3)E's]. (45) 



2 ni 



The second line, which holds for a crystal of trigonal or 
higher symmetry, has been derived by use of Eq. H32|l . 
Generalizing for multiple ir resonances whose frequencies 
^ir,i, (i = 1, 2, . . .) are all proportional to flip, we obtain 



d=^[2tr{E') + {B,i-Bu)E',]yK 



11,1 



(46) 



where the factors Ki (^^ Ki = 1) describe the relative 
strengths as given by fi,Mi, and Ni according to Eq. 
(|27|l . For cj <C (e.g., for microwave frequencies), we 
obtain 

d = T] (47) 
for a single or for multiple ir resonances. 

D. Total effect 

According to Eq. [231 the sensitivity of the cavity reso- 
nance frequency uj to Lorentz violation is proportional to 
the factor 1/(1 -I- fi). With the exception of frequencies 
UJ near one of the resonances of the medium (which we 
discuss in Appendix A) for usual materials in the trans- 
parency range the normalized dispersion \n\ 0.01. In 
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TABLE III: Index-of-refraction change coefficient /3 for mi- 
crowave frequencies. For values in italics, the polarization is 
not specified. 



Mat. 




,922 


^33 


Mat. 


^11 


,922 


^33 


AI2O3 


-0.12 


= Pll 


-0.15 


CaCOs 


-1.91 


-1.92 


-1.84 


FezOs 






-0.042 


Si02 


0.098 


0.097 


0.102 


AIPO4 






2.54 











the following, we can thus assume that 1/(1 + n) w 1. 
Thus, the length change SL/L and the change Sc/c af- 
fect the cavity resonance frequency unattenuated, as in 
a vacuum cavity. 

The density term 77 has been calculated from our re- 
sults for the geometry change of crystals. The dispersion 
term d has been evaluated for the case of infrared and 
microwave frequencies. For the simplest case, microwave 
frequencies, the dispersion term turns out to be equal to 
the density term. In this case, the total change of the in- 
dex of refraction due to Lorentz violation can be written 
as 



-E 



dn 

diTa ' 



d + ri = 2f3tTE' + PE'^ 



where 



P = /3(e3i - S13) 



(48) 



(49) 



Since the trace of the Lorentz- violating quantity is a con- 
stant under spatial rotations, it will not show up in the 
signal of a typical Lorentz test, that searches for a sig- 
nal that varies with spatial rotation (see below). The 
influence of E'^ is given by {B^i — Sis) which is zero for 
isotropic materials ; for such materials, therefore, the 
density term does not contribute to the signal of exper- 
iments. Tab. mil shows (3 for some materials, calculated 
from Tab. ITTland values e from The indices /3ii,/322 
etc. indicate the polarization of the radiation with re- 
spect to the crystal coordinates. The values of /3 differ 
greatly for different materials, from about —0.1 to about 
2.5, mostly due to different values of S31 — S13. 

The index-of refraction change at ir frequencies can be 
calculated from Eqs. (|45I46() . The data on the infrared 
resonance frequencies and their relative strengths Ki, as 
well as the index of refraction n{ijj) itself, can be obtained 
from tables of Sellmeier coefficients (see, e.g., H^). 

The factor (3 = [-n? - l){n^ + 2)/{in^) means that 
for large n the relative change Slo/uj in the cavity reso- 
nance frequency may be greater than the relative change 
5VLi/Q,i. At microwave frequencies, for example, AI2O3 
has /333 ~ 4.1 (however, /3 in this case is small due to 
the low value of the S13 - ^31); AIPO4 has /3 = 2.24 
and (3 — 2.54. This is a consequence of the Clausius- 
Mosotti equation, which implies that for a large n, a 
small relative change in x causes a large relative change 
in n. Certain ceramics materials intended for microwave 
dielectric resonator oscillators (DRO) have a dielectric 



The rise in the sensitivity will even become more pro- 
nounced at higher ir frequencies, where both in? as well as 



the factor nfJ{Vli 



in Eqs. H45I46|) become larger. 



Very close to a resonance, however, a large normalized 
dispersion n eventually limits this rise of the sensitivity, 
as discussed in Appendix A. 



E. Influence of the photon parameters and 
Lorentz-violating birefringence 

The photon parameters will influence the ion-plasma 
frequency Hip directly through a modification of the 
Coulomb potential of the ions and indirectly through a 
change of the atomic volume V . 

The ion-plasma frequency f2 describes oscillations of 
the ions in the potential due to their Coulomb interac- 
tion. For small dilations from the equilibrium position, 
this potential is approximately harmonic. In the SME, 
the Coulomb potential $ between two charges e is given 
by II 



$(r) 



e 

47rr 



1 



1 rnpET 
2 r2 



(50) 



where r = |r| and kjje is a 3x 3 matrix specifying Lorentz 
violation in the photon sector from the SME. 

Let us study this influence to a crystal that is ini- 
tially isotropic, using coordinates in which kdb is diago- 
nal with principal values {hde)iii{hde)22i and {hde)zz- 
Elastic waves with a wavevector q can be described by 
the ansatz |23| 5r = UqC^^^ . As the ions are charged by 
Ze (Z is the valence), the dilation of the ions due to the 
elastic wave changes the local charge-density, thus caus- 
ing an electrostatic potential. The ne gati ve gradient of 
that potential gives the resulting force |2J] 



(51) 



which acts back on the ions, causing oscillations with 
f^ip. In the SME, this force becomes dependent on the 
direction of the dilation, which is given by Uq. For exam- 
ple, if Uq is parallel to the x-direction, then according to 
Eq. (|50|l the force should be replaced by 



F ■ 



-AirZ'^e^Uq A 1, . ■ „r 



(52) 



The ion-plasma resonance will thus split into three modes 
according to the direction of Uq with respect to the coor- 
dinates, 



IP 



IP 



1 



{l^DE)aa 



(53) 



constant 



of 60 and thus an even larger /3 ~ 20. 



where aa (no summation convention) may be 11,22, or 
33. If the plasma oscillations are caused by an optical 
wave, the direction of Uq will be given by the polariza- 
tion. Thus, an initially isotropic medium will become 
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birefringent ; for a optical wave propagating into the z- 
dircction, for example, there will be a difference 

— = t[('*-Db)ii ~ ('*-Db)22] (54) 
n 4 

between the index of refraction for x and y polarized 
light. The consequences of this birefringence are as usual, 
e.g, the propagation speed will depend on the polariza- 
tion, linearly polarized light not aligned with one of the 
principal axes will change its polarization while propa- 
gating etc. 

In vacuum, the Lorentz violation in electrodynamics 
described by the matrix kbe leads to a dependence of 
the speed of light on the direction of propagation, but 
not to birefringence (which is caused by other parame- 
ters, which are, however, ruled out to at least 2 x 10""^^ 
by measuring the polarization of light from astronomical 
sources, see Ref. |j|). In media, however, it causes bire- 
fringence through its influence on the resonances of the 
medium. 

In the model of ion-plasma oscillations, the electron 
parameters do not cause birefringence, as the model con- 
tains only the electrostatic interaction between the ions. 
A more realistic model of a cubic lattice (see Appendix 
B), however, predicts that the electron parameters cause 
birefringence as well: the matrix kd_e in Eq. (|53|l should 
be replaced by 

2ke = 4S;, + 3^(kz5£;),,, (55) 
a\ri 

where oi\ « —1.74 and as k, —3.24 are numerical factors 
determined by the crystal geometry. 

The change of the atomic volume V due to the pho- 
ton parameters can be obtained from the material given 
in Ref. Q- Therein, two parameters a_\_ and ay give 
the relative change of the length of a cavity. The model 
used therein assumes a cubic crystal. For the change of 
the volume, we obtain by summation over the relative 
changes of the length in x,y, and z direction: 

y = K)(a|| +2a±)tr(/tz5£), (56) 

where Vq does not depend on Lorentz violation and the 
3x3 matrix k^e parametrizes Lorentz violation in the 
electrodynamic sector . The parameters have been cal- 
culated for some cubic crystals such as NaCl, LiF, and 
NaF. For these, —0.3 < a|| -l-2aj_ < —0.1. Since for cubic 
crystals, the volume depends solely on the rotation invari- 
ant trace (as expected from symmetry arguments) no in- 
fluence to the outcome of typical experiments will result. 
The parameters have also been estimated for anisotropic 
materials such as quartz (a|| -|-2a^ — —0.03) and sapphire 
(ay + 2ai_ = -0.01) (3|. These values are small because 
the chemical bonds in these materials have a partial co- 
valent character. Although the anisotropic parameters 
have not been considered, the smallness of the isotropic 
ones should carry over to them. 

The most general Maxwell equations that are linear 
and first order in the derivatives might contain further 



hypothetical Lorentz- violating photon terms that are not 
contained in the SME _26J. As discussed in [23, these 
terms do not cause an additional modiflcation of the ge- 
ometry of solids, and, based on the same arguments, no 
additional modification of n. 



IV. EXPERIMENTS 
A. Limits from published data 

We derive limits from the experiments by Brillet and 
Hall 0, who used a quartz cavity, and Miiller tt al. 
who used a crystalline sapphire cavity. 

As usual, we exploit the specific time-dependence im- 
posed on the frequency shift of cavities on Earth by 
Earth's rotation and orbit ('signal'). The signal for 
Lorentz violation in electrodynamics has been calculated 
in 01, the one for Lorentz violation in the electron's equa- 
tion of motion in 0. Throughout, we are using the 
conventions described there, fi® is the sidereal angu- 
lar frequency of Earth's orbit, lj® the one of Earth's ro- 
tation, and LUf the angular frequency of the rotation of 
the turntable, as measured in the laboratory. The signal 
consists of sine and cosine components at various combi- 
nations of these frequencies. In the first two lines of Tab. 
IIVI we list the components measured by Brillet and Hall, 
those measured by Miiller et al. are given in the last two 
lines. Additional signal components that include no con- 
tribution from the electronic sector are omitted here and 
are as given in 

Solving the signal components for the Lorentz- 
violation parameters (adding the errors in quadrature), 
we obtain the separate limits quoted in Tab. Some of 
the signal components cannot be separated into the elec- 
trodynamic and electronic contributions (as results for 
only two signal frequencies have been reported by Brillet 
and Hall) . The error of these limits is dominated by the 
Brillet-Hall experiment. Three additional limits on the 
purely electrodynamic parameters ko+ are as stated in 

For a complete determination of the photon and elec- 
tron coefficients, the experiment of Miiller et al. has to 
be compared to an experiment that gives as many signal 
components, but uses dissimilar cavities. An experiment 
using a whispering-gallery type microwave sapphire cav- 
ity is reported by Wolf et al. 9] . In this cavity, the mode 
travels along the circumference of a cylinder, where the 
cylinder axis is parallel to the c axis. 98% of the elec- 
tromagnetic field energy are confined within the mate- 
rial. The signal in this experiment contains contributions 
from the shift in c, treated in much detail therein, as 
well as shifts in L and n. Since we have derived all these 
shifts, we are now in a position to analyze this experi- 
ment against the one of Miiller et al., to obtain separate 
limits on electron and photon coefficients. 

The change of the circumference L for this ring cavity 
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TABLE IV; Signal components and experimental limits for the experiment by Brillet and Hall |^ (upper two lines) and Miiller 
et al. 13 (lower two). Bq ~ —2.96 and Ba ~ —3.71 are combinations of material parameters B32 — S33 for fused quartz and 
sapphire, respectively. Xb — 50° is the colatitude of Boulder, Colorado, x — 42.3° the one of Konstanz. We abbreviated 
C3 = {cxx + Cyy - 2czz), C2 = cxx - cyy, and analogous for ke-- As usual, C(^ab) = ^{Cab + Cba)- 



Frequency 


sine amplitude 


limit/10~^'^ 


cos amplitude 


limit/10~^^ 


2u)t + 2tj0 




\cos^ ^ lik^^yy -ABqc^^y^] 


~ 200 
4 


isin^Xfl [iBqOi + {ke^Y'] 

1 COS^ XM. [-_4S,C2 + (Ke-)2] 


~ 200 
4 


2w® 


isin2x[4S.C(yz) - {k,-Y^] 
-2Bs COS^ XC(XY) + ^(1 + cos^ x)ifie- 


-1.8 ±4.5 
1.3 ±2.3 


isin2x[4B.C(xz) - (Ke-)""^] 

-Ss COS^ XC2 ±1(1+ X) {f^e- 


3.2 ± 6.2 
)2 3.4 ±1.9 



TABLE V: Liinits on photon and electron coefficients derived 
from Refs. 



coefficient 



\XX 



\YY 



C(XY) 

Cxx - Cyy 

C(YZ) - 0.067(Ke-) 
C(XZ) ±0.067(Se-)^'' 
\CXX + CYY - 2czz - 0.25(Ke 



\YZ 



limit/ IQ-" 
1.8 ± 12 
15 ±39 
-0.16 ±3.0 
-1.33 ±7.2 
0.24 ±0.61 
-0.43 ± 0.84 
< 1000 



is given by 

^ = \{e.. + eyy) - i(6n±Si2)(i?;,±4,)±6i3i?L, 

(57) 

(58) 



or, using Eq. (|2J, 
5L 2 



The time dependence of this is calculated as described in 
For the change in the index of refraction, we are in 
the hmiting case of low frequencies, so Eq. ^H] apphes. 
The total frequency change due to electron parameters is 
thus 



5uj 



i-i6i3)i?^±;9i?^ (59) 



We disregarded the terms proportional iv{E'), as they 
will not cause time-dependent signals due to their rota- 
tion invariance. The time-dependence of the signal in the 
laboratory frame is calculated from the material given in 
see Tab. IIVI The strong dissimilarity of the cav- 
ities in the two experiments (the ring mode normal to 
the c axis of Wolf et al. versus a linear mode parallel to 
the c axis used by Miiller et al.) leads to a strong dis- 
similarity of the material coefficients entering the signal 
Bw = ±0.60 versus Bs = —3.71, although both experi- 
ments use sapphire cavities. This contributes to a high 
accuracy for the Lorentz violation parameters. For (3, we 
insert /Sas for sapphire from Tab. IIIII according to the 
polarization actually used. 

The limits on the photon parameters Ko_|_ are as quoted 
in 1^. We now have a more complete set of limits 



TABLE VI: Signal components for Lorentz violation in the 
electron sector for the experiment of Ref. |3, and results 
reported therein. Bw = \ — \Bi3 ~ 0.598 is a combination 
of sapphire coefficients. Paris happens to be located at the 
same colatitude x — 42.3° as Konstanz. The error here is the 
gometric sum of the statistic and systematic error given in 



component 




signal 


limit/ 10" ^5 


sinueT® 


3(Slv - P)C(YZ) 


sin 2x 


0.24 ±0.59 


cos w®T0 


3(Svi/ - li)c(xz) 


sin 2x 


1.4 ±0.59 


sin 2a;© T® 


3(Sw - /3)c(xy) 


sin^X 


1.1 ±0.44 


cos 2a;® T® 


l(Bw - 13) {cxx - Cyy) 


sin^X 


0.31 ±0.44 



TABLE VII: Limits on photon and electron parameters de- 
rived from Refs. 



coefficient 


limit /lO"^^ 




0.52 ± 2.52 




-4.0 ±3.3 


= 


-1.7± 1.6 




)*"^ 2.8 ±3.3 


C(YZ) 


0.21 ± 0.46 


C(XZ) 


-0.16 ±0.63 


C(XY) 


0.76 ± 0.35 


Cxx — Cyy 


1.15 ± 0.64 



on the total 19 photon and 10 electron coefficients. All 
coefficients measurable in present experiments could be 
disentangled. 



B. New setups 

Here, we discuss experiments that exploit the results 
of this work in order to obtain enhanced sensitivity on 
Lorentz invariance violations. 

By an appropriate choice of materials, large length 
change coefficients can be used to obtain a sensitivity 
that is higher than for the materials presently in use. 
For example, the coefficients are large for gold and lead, 
which may be useful for making microwave cavities, as 
gold exhibits a high electrical conductivity and lead su- 
perconductivity at low temperatures. The sensitivity of 
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the index of refraction is enhanced relative to the one 
of the material resonance frequencies by factors of about 
1-20 for materials with a large n between 1 and 60. (See 
Appendix A for the potential of obtaining even larger 
sensitivity by operating near a resonance frequency of 
the medium.) 

For an illustration, consider a measurement of the sym- 
metric parity-odd electron coefficients C(oj)j that have 
not yet been measured in laboratory experiments |28j . 
While these coefficients do not directly affect the res- 
onance frequencies of cavities, the Lorentz transforma- 
tions due to Earth's orbital motion with the velocity 
~ 10"*^ makes them contribute to the measurable 
coefficients in the laboratory frame. Thereby, they cause 
a contribution of the order of /3gg to the signal for exper- 
iments using anisotropic cavity materials (for isotropic 
materials, they can only contribute to order or higher) 
0. For example, using Fabry-Perot cavities out of a trig- 
onal material, with the mode orthogonal to the c axis, 
they can be measured to order (H^Bu. The detailed sig- 
nal components are given in % Calcite has = 8.60, 
sapphire 0.014 (Tab. ^) ; a turntable experiment using a 
cavity made out of calcite, in which the Lorentz- violating 
frequency changes would be bounded to a level of 10~^^ 
would provide bounds on the C(oj) of the order of 10~^^. 
For those coefficients, this would be 600 times better than 
a comparable experiment using a sapphire cavity. 



C. Michelson-Morley type experiment based on 
birefringence in matter 

A new class of experiments would exploit the birefrin- 
gence of isotropic materials that is caused by Lorentz 
violation, as predicted for infrared and microwave fre- 
quencies m Sec. HiTeI and Appendix IH Since the bire- 
fringence depends on the same photon and electron coeffi- 
cients hoE, c^u in the laboratory frame as c and L, a sen- 
sitive birefringence measurement could access the same 
coefficients as a conventional Michelson-Morley type ex- 
periment. 

The most sensitive way to measure birefringence of 
some material is to fabricate a cavity filled with the 
material and compare the resonance frequencies w^.y = 
2T:mc/(2nx.yL) of the x and y polarized modes (we ne- 
glect the length change and the change of c for this de- 
scription). One possible realization of this idea uses three 
lasers whose frequencies ^1,2,3 are stabilized to three ad- 
jacent longitudinal modes of the cavity, corresponding to 
mode numbers m — l,m, and m + 1, respectively. The 
lasers at uji and L03 would have the same constant linear 
polarization, while the polarization of laser 2 is switched 
(or continuously changed) between the x and y direc- 
tions, for example by use of a rotatin g ha lf-wave plate, a 
Pockels cell, or a liquid crystal device [23 • A comparison 
of the three laser frequencies can then be used to mea- 
sure the birefringence An = n.j, — ny while eliminating the 
common influence to wi.2,3 given by the cavity length L, 



the average index of refraction n = {jix + nj,)/2, and the 
speed of light c. 

In conventional cavity experiments, thermal and other 
fluctuations that affect the cavity length and the index 
of refraction limit the accuracy. In the experiment pro- 
posed here, the elimination of L and n suppresses these 
influences. 

The degree of suppression depends on the residual bire- 
fringence of the cavity material. Fine annealed glass, the 
best commercial grade, has less than 12 nm residual bire- 
fringence in 100mm thickness ^2^], i.e., An/n < 10"^. 
As usual, the rotation of the Earth or active rotation 
of the cavity can be used to separate a Lorentz viola- 
tion from this initial offset. Another systematic effect is 
stress-induced birefringence ; most optical glasses have 
piezo-optic coefficients of 2 X 10~^^ Pa^^ 29J. For a typi- 
cal cavity with dimensions (30 mm)'^, weighing about 50g, 
the birefringence caused by its own weight at the cen- 
ter of the cavity would thus be about 5 x 10"^". This 
is slightly lower than the length change caused by the 
weight, since the elastic modulus of such glasses is of the 
order 2 x 10^^ Pa I'^ usual cavity experiments, any 
change of the optical path length nL inside the cavity 
caused by gravitational and other distortion would ad- 
versely influence the signal. In the proposed experiment, 
however, the optical path length drops out. Furthermore, 
the cavity itself can remain stationary while the polar- 
ization of one interrogating laser is rotated: if the ori- 
entation of the polarization is not correlated to the one 
of the cavity (which can be achieved to high accuracy 
by using separate supports for the cavity and the laser 
system and/or using a non-mechanical device for rotating 
the polarization etc.), stress- induced birefringence can be 
separated from the Lorentz-violation signal. 

Systematic effects in the proposed experiment would 
also include a change of the optical power coupled to the 
cavity as a function of the polarization angle. This would 
cause periodic temperature changes which, in turn, affect 
the cavity resonance frequency. The isotropic part com- 
mon to both birefringent modes of that would drop out, 
as c/{nL) is eliminated, but some anisotropic influence 
(birefringence due to an anisotropic temperature distri- 
bution) may remain. It can be minimized by using low 
optical powers and a fast rotation rate for the polariza- 
tion, so that the cavity remains at a virtually constant av- 
erage temperature. Another way to minimize this would 
be the simultaneous interrogation of the two birefringent 
modes, but then the relative fluctuations of the power in 
them could lead to a similar systematic effect. 

Bulk absorption of the material sets a lower limit for 
the linewidth F of a matter-filled cavity. Since many sys- 
tematic effects are proportional to F, it is desirable to 
keep F small. For cavities made out of pure (crystalline) 
sapphire, a linewidth of 200 kHz has been reported [Tsj : 
quartz glass used in telecommunications fibers has ab- 
sorption coefficients of below 0.5dB/km at a wavelength 
of 1.6/xm [2^, so cavities having well below 100 kHz 
linewidth are in principle possible. This linewidth is 
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lower than the one of cavities used in present Michelson- 
Morley experiments ||8j]. 

Earth's rotation gives a characteristic time-dependence 
to the different Lorentz violation coefficients in the labo- 
ratory frame. This allows to set separate limits on them 
and to distinguish the proper signal from most systemat- 
ics. The time-dependence has been treated for the pho- 
ton sector in Ref. A] and for the electron sector in Refs. 
0, lial • The signal for the proposed experiment can be 
derived from the material given therein and in Sec. IIIII 

The ultimate limit on the accuracy of cavity experi- 
ments is the shot-noise limit [29| . For a 1 nW of opti- 
cal power impinging a cavity with 100 kHz linewidth, the 
shot-noise limit would correspond to a frequency stability 
of the order of 1 Hz, or 5 x 10~^^, averaged over one sec- 
ond. In practice, the shot noise limit cannot be reached 
in cavity experiments operating at time-scales above ap- 
proximately one second, where temperature fluctuations, 
material creep, drift of the laser power, residual ampli- 
tude modulation etc. limit the accuracy. However, the 
shot-noise limit could be approached more closely in the 
proposed experiment because of the ability of rotating 
the polarization on a faster time-scale and because influ- 
ences to the cavity length would be common-mode and 
would be virtually removed. Thus, the proposed experi- 
ment might have an advantage over conventional cavity 
experiments, even the turntable versions. 



V. SUMMARY AND OUTLOOK 

We have eliminated assumptions on the electron wave- 
function from the theory underlying cavity tests of 
Lorentz invariance for both photons and electrons, thus 
completing the theory. This theory allows one to cal- 
culate the geometry change of crystals associated with 
Lorentz violation in the electrons' equation of motion, 
which leads to a measurable shift in the resonance fre- 
quencies of cavity oscillators. The sensitivity for experi- 
ments using various cavity materials was calculated, and 
materials providing exceptionally high sensitivity were 
identified. 

We then considered the shift in the index of refrac- 
tion n connected to Lorentz violation, that was found 
to consist of a density term and a dispersion term. The 
density term can be calculated exactly within the above 
theory for the geometry change. The dispersion term can 
be estimated for realistic situations. The shift in n may 
have a significant infiuence on the signal of Lorentz tests. 
Also, we find that Lorentz violation causes birefringence 
in materials that are initially isotropic. 

Based on this theory, we reanalyzed experiments that 
have already been performed and found limits on Lorentz 
violating coefficients for the electron and the photon on 
levels of 10~^^, and below for some electron coefficients. 
For the reader's convenience, we repeat the best limits 
derived herein in Tab. IVIIII These limits represent an 
order of magnitude improvement for some electron pa- 



TABLE VIII: Summary of the best limits on photon and elec- 
tron parameters derived herein. The experimental data used 
is from H. Miiller et al. [3] and P. Wolf et al. |3, unless 
otherwise noted. 



coefficient 



limit /lO" 



(ke-)^^ 0.52 ±2.52 

(Re-)-^^ -4.0 ±3.3 

(ke-)^^ -1.7 ±1.6 

(k,.)^^ - (ke-)^^ 2.8 ±3.3 

C(yz) 0.21 ±0.46 

C(xz) -0.16 ±0.63 

C(xy) 0.76 ±0.35 

cxx~CYY 1.15 ±0.64 

\CXX + CYY - 2CZZ - 0.25(Ke-)^^| < 1000 ° 

"experimental data from Brillet and Hall |^ and Miiller et al. 



rameters 0, and the first limits on others. 

The parameters (ke-)^'^ and czz have not been mea- 
sured yet, but can be measured, for example, in experi- 
ments similar to the above ones but using active rotation 
of the setup on a turntable. This generates an additional 
time-dependence that allows to measure the additional 
parameters. Setups optimized for obtaining simultane- 
ous limits on photon and electron coefficients in opti- 
cal experiments are discussed in New cavity exper- 
iments on Earth and in Space |l9| are now performed 
or proposed by several groups. Sucessors of the exper- 
iments described in Refs. [y, H, 1^ using turntables are 
planned (some might even already be performed) and 
are expected to improve the sensitivity by two orders of 
magnitude |0| for the electrodynamic effects. These ex- 
periments use cavities with a dissimilar influence of the 
electron parameters, namely a sapphire cavity with the 
mode parallel to the c axis, a circular sapphire cavity 
oriented orthogonal to the c-axis, and a niobium cav- 
ity. Combining these experiments should allow bounding 
both photon and electron parameters with the same im- 
provement in accuracy. 

This work points several ways for obtaining increased 
sensitivity in experiments that use vacuum and matter- 
filled cavities, including an appropriate choice of materi- 
als that provides large length change coefficients and/or 
a strong sensitivity of the index of refraction. For ex- 
ample, a measurement of the symmetric parity-odd elec- 
tron coefficients C(oj) using a calcite cavity would provide 
bounds that are 600 times better than a comparable ex- 
periment using a sapphire cavity. 

We also propose a new experiment that exploits the 
birefringence of isotropic materials caused by Lorentz vi- 
olation. Since the birefringence depends on the same 
photon coefficients as c, the experiment could measure 
the same photon coefficients as a conventional Michelson- 
Morley type experiment. However, the thermal and other 
fiuctuations that limit the accuracy in conventional cav- 
ity experiments could be eliminated. 
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APPENDIX A: STRONG DISPERSION NEAR A 
RESONANCE 

Here, we explore the region of strong dispersion for 
electromagnetic radiation having frequencies lo very close 
to a resonance frequency of the medium, to find 
whether the influence of Lorentz violation is strongly en- 
hanced for some frequencies. We assume that the detun- 
ing a; — 51 is still large compared to the lincwidth V' of 
the resonance, so that we may use Eq. ()27|l for the sus- 
ceptibility. However, the normalized dispersion n may 
become large, so that we cannot assume 1/(1 -f- n) w 1 
any more. For this section, we write the susceptibility as 



K 



X = 



02 



where 



K 



N 



eoM 



/• 



(Al) 



(A2) 



Xo =const. sumarizes the susceptibility due to the other 
modes, which is approximately constant for the frequency 
range of interest here. We can now derive the index of 
refraction, the normalized dispersion and the term d/ {1 + 
n) as outlined above. Using the abbreviations 

B{uj) = 2is:+(2xo + 3)(02_^2) (A3) 



we obtain 



B _ 9Klu^ 

—r- n ~ — : 

A AB 



-— (A4) 



1 + n AB + 9Klu^ ^ O d-Ka 

a 

The dependence of and fi on lo can be divided into 
three regions: 

1. uj'^ < = — Kj (3 — Xo): Here, r? as well as n 
are positive ; they both diverge towards +cxd at the 
high end of this range. 

2. Jl<iJ- <Jl = V? + 2K/{2xo + 3): In this region, 
n? is negative. At the high end of this region, = 
and n — > — oo. 

3. ^2 > ^2 _|_ 2X/(2xo + 3): Here, as well as n are 
again positive. 



Let us study the case that the denominator AB+9Klo^ = 
in the last Eq. HA4|I . This may be interesting, be- 
cause then the Lorentz violation parameters in the dis- 
persion term are multiplied by an infinitely large factor. 
In this case, n = — 1. From the first Ec^. ljA4|l . we obtain 
— B^ / {~9Kuj^) < (because both K and ut are pos- 
itive), i.e., this situation lies in the frequency range|21 A 
negative squared index of refraction, however, means that 
the electromagnetic wave inside the medium is evanescent 
(i.e., exponentially decaying), so that cavity resonances 
do not exist at frequencies in this region. Thus, unfor- 
tunately, this is not a way to obtain increased sensitivity 
in cavity experiments. 

There are other potentially interesting situations: The 
extrema of the last Eq. ljA4|l are at w = (minimum) and 
Lu = uji (maximum). We have A{lui) — and n'^{uji) — > 
-f-cx), i.e., electromagnetic waves are propagating and thus 
cavity resonances may exist. The maximum has a value 
of 



1 



^ 1 dn 



(A5) 



With appropriate O, Xoj a-nd K , this may be large or even 
diverge. However, at frequencies near to O, increased 
bulk absorption due to the imaginary part of the index of 
refraction will lead to an increase in the cavity linewidth 
r. This is undesirable, since many systematic effects Q 
are proportional to that linewidth. The increase of F 
relative to its value Fo without bulk absorption is given 
by El 



F(c.) 



18n2(w) 
(n2(cj) -f 2)2 



rF'. 



(A6) 



This equation holds as long as the detuning from reso- 
nance is much larger than the linewidth of the material 
resonance, joj — Oj ^ F'. In particular, we obtain 

F(c^i) = Fo + -|(3 - xo)[(3 - Xo)f^' - K]T' . (A7) 

Comparing to Eq. l|A5p shows that in principle the pa- 
rameters can be chosen such that the sensitivity becomes 
high while the increase in linewidth is low. However, for 
a strong enhancement of the sensitivity, what is neces- 
sary is a material whose n approaches infinity while the 
absorption remains low, and where n diverges in such a 
way that Eq. IA5I becomes large at the same time. It 
is a challenge to find a practical material which realizes 
this "fine-tuning" of the dispersion curve. Even if such 
a material would be found, the formal gain in sensitivity 
would have to be weighed against issues like the temper- 
ature coefficient of n (that is likely to diverge together 
with n) to see whether such an experiment is worthwile. 

Especially strong dispersion is seen in "slow light" ex- 
periments |3d|. Here, n « 1 and n ^ 1, which corre- 
sponds to a low group velocity Vg — c/[n(l -I- n)]. It 
immediately follows from Eq. (|23|l . however, that a large 
n leads to suppressed, rather than enhanced, sensitivity 
in the cavity experiments described herein. 
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APPENDIX B: LORENTZ- VIOLATING 
BIREFRINGENCE IN ISOTROPIC CRYSTALS 

We consider a cubic ionic crystal of NaCl structure 
that has a lattice constant a. The primitive direct lat- 
tice vectors Ik {k = 1, 2, 3) are contained in the matrix 
Ijk = 0,5 jk] the equilibrium positions of the ions can be 
described by a linear combination Ukljk- For calculating 
the index of refraction n, we need to calculate the reso- 
nance frequencies f2 of elastic waves. As explained above, 
a Lorentz-violating shift in Q will be given by a modifi- 
cation of the potential energy for small dilations of the 
ions f —^ r + Ar from their equilibrium positions r. This 
corresponds to dilations Ijk — *■ Ijk + Ijk) of the primitive 
lattice vectors. The Hamiltonian can be be written as 

+ + (Bi) 

e— / 



where the first term is the electrons' kinetic energy Te, 
summed over all the electrons, the second the kinetic 
energy of the kinetic energy of the atom cores, and $ the 
Coulomb potential, summed over all charges. 

Lorentz violation in the electron's equation of mo- 
tion replaces the electron's kinetic energy by {Sij + 
2E[j)piPj/{2m). We can assume that the electronic 
states are changed adiabatically by the lattice vibration, 
i.e., their kinetic energy effectuates an effective potential 
energy as a function of the dilations of the atomic cores. 
The electron wave functions can be given by Bloch func- 
tions; the expectation value 



^ 2m 



2m 



'-{S,j + 2E[A£,i^kakjk 



(B2) 



for the kinetic energy of the electrons within a single 
unit cellf containing N^.u electrons) has been calculated 
in Ref. 2j. From Eqs. 16lll|l . we obtain 



- _ m\dei{kj)\ ^ 



(B3) 



For a cubic crystal with a lattice constant a, we have the 
simplified relations 



llj — CL^'ij , kij 



27r 



, ^ik 



ma^Si 

4Tr'Ne,uh' 



Sik, (B4) 



where Si — S\\ + Syi + Sis is given by the elastic com- 
ponents, and = |det(Zy )| expresses the volume of the 
unit cell. The dilations lij of the direct lattice vectors 
will lead to small dilations of the reciprocal lattice. In 
the special case of cubic crystals it is given by 



(B5) 



Calculating the expectation value of the electrons' kinetic 
energy gives 

Te = ia^^i (<5y + 2E[^ ) U,j - -I,, + \^k^h^ (B6) 



Te = -a'^Si(3 + 2tr(E')-{2 + Ati{E')) — 



- — UAay + 2AT'E'Aa] , 



where we used 



AV 

V 



lulu = {Aaf 



(B7) 



(B8) 



For the Lorentz-violating Coulomb contribution per 
unit cell, we write Eq. H50I) as 



2 47r 



1 r,rj{KDE)i 
r 



2r3 



(B9) 



where the sum is running over all other ions contained 
in the lattice ; r is the distance of the ions relative to 
each other. The symbol (±) indicates the positive and 
negative charges of the ions. The factor of 1/2 corrects 
for the double-counting of the ions in the summation. 

The distances r can be written as a linear combination 
of the lattice vectors. In NaCl structure, the distance of 
next neighbors is diagonal in the unit cell, with a length 
R = a/\/2. For the following calculations, we use carte- 
sian coordinates parallel to these distances and assume a 
dilation e along, e.g., the z-direction. To write explic- 
itly as a function of the dilations, we expand it to second 
order in e: 



$ = 



Stt 
1 

^2 



1 



e 

2^ 



[r'^tr^KDE) + 2ez{kDE)zz + (!^{kde)zz) 



1 3e^ 

^3 2 



.(BIO) 



We consider elastic waves with a wavelength much longer 
than the lattice constant a. Thus, Ar can be regarded 
as fixed for all ions and taken out of the summation. In 
the summation, all terms that are proportional to even 
powers of z drop out. For the other terms, we define the 
dimensionless quantities ^31.] 



ai 



(±) 



-1.74, 



"3 



-3.24, 
(Bll) 



(the numerical values suggest 3a| — a^, aX least to the 
accuracy required here.) This allows to carry out the 
summation over all ions: 



$ = 

87ri? 


ai 






2i?2 




Jale' ( 


i?2 I 



-1 + {kDE)z 
^ - {f^DE)z 



-tr(KDij) 



(B12) 
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For comparing the contributions of Tg and note that 
a = \/2R, and 6a = \/2e- For the terms that are 
quadratic in e, we thus obtain 



•72 2 

Te + $ = \/2i?S'ie2(l + 2£;^J ' 



03 

' 2 



(B13) 



We left out the term proportional to tr(i?'), since it is 
not of interest for usual experiments due to its rotation- 
invariance. We can write the two factors of dimension 
energy as 



(B14) 



where 77 is a dimensionless factor. From the data on 
the 16 materials given in Tab. 7 of Ref. js^l, we find 
2.4 <r\< 4.2, with an average of 77 « 3.5. We can thus 
write (using as — ioH^ 



\/2i?5ie2 



1 + + 



2air] 



(B15) 



The frequency ft — \/k/M of the corresponding reso- 
nance will be given by square root of the coefficient k in 



front of e^, divided by the effective mass M of the mode. 
Hence, the Lorentz violation leads to a change 



in the resonance frequency, where 



(B16) 



(ke)zz = 2E^^ + {kde)z 

Zaii] 



(B17) 



As above, this leads to a shift in the index of refrac- 
tion of a;-polarized light; for light propagating into the 
z-direction, for example there will be a difference 



5n 



n 2 



(B18) 



between the index of refraction for x and y polarized 
light. For E' = 0, i.e., Lorentz violation in the Maxwell 
sector only, we recover Eq. (|53|l with the numerical factor 
in front of kde being Sas/lAairj) « 0.40 instead of 1/4. 
This is due the combined influence of Tg and $ and the 
geometry-dependent factors ai and 013. 
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